
MATH/STAT 355 Algebra & Calculus Review

1 Algebra

1. Show that for (xn), k ≥ 0,

(a)
∏

k e
xk = e

∑
k xk ,

(b) but that
∏

k x
t
k ̸= x

∑
k t

k

2. Show that for (xk), k ≥ 0,

(a) log(
∏

k xk) =
∑

k log(xk),

(b) but that log(
∏

k xk) ̸= log(
∑

k xk)

2 Differentiation - Basics

1. ∂
∂x (4x

5 − 5x4)

2. ∂
∂x (3x

2 + 7x− 10)

3. ∂
∂y (3x

2 + 7xy − 10y)

4. ∂
∂α

∑n
i=1 α

2β2x2
i

5. ∂
∂xxe

x

6. ∂
∂xαe

x

7. ∂
∂xe

x sin(x)

8. ∂
∂ααe

x

9. ∂
∂x

x2−1
x

10. ∂
∂x

log(x)
x

11. ∂
∂x

(3x2−πx)3

10

12. ∂
∂x (3x+ 5)6

13. ∂
∂x log(sin(x))

14. ∂
∂x log(x5)

15. ∂
∂αα

2 log(β5 + 3β + 7)

16. ∂
∂x (2x− 4√

x
)

17. ∂
∂β

∑n
i=1 log(β)e

2xi

18. ∂
∂α log(

∏n
i=1 α

xi)

19. ∂
∂x

√
x2 + 8

20.
∑n

i=1 xiyi =
∑n

i=1 xi

∑n
i=1 yi True/False?

21.
∏n

i=1 x
α
i = xnα

i True/False?

22.
∑n

i=1 log(xi) = log(
∑n

i=1 xi) True/False?

23.
∑n

i=1 xi log(α) = n log(α)
∑n

i=1 xi True/False?

1



3 Differentiation - Matrices+

1. Show d
dx (x

TB) = B, x ∈ Rn,B ∈ Rn×m. Note:

d

dx
[ϕ] :=


dϕ
dx1

...
dϕ
dxn



d(xTB)

dx
=

d

dx
(
[
x1 . . . xn

] b11 . . . b1m
...

. . .
...

bn1 . . . bnm

)

=


d

dx1
(b11x1 + · · ·+ bn1xn) . . . d

dx1
(b1mx1 + . . . bnmxnm)

...
. . .

...
d

dxn
(b11x1 + · · ·+ bn1xn) . . . d

dxn
(b1mx1 + . . . bnmxnm)


= B

2. Show d
dx (x

Tb) = b, x ∈ Rn,b ∈ Rn. (Solution/proof is the same as above)

3. Show d
dx (x

Tx) = 2x

4. Show d
dx (x

TBx) = 2Bx,x ∈ Rn,B ∈ Rn×m

5. Maximize |xm − xn| on the interval (0, 1). Assume m > n.

|xm − xn| on (0, 1) = (xm − xn)

d

dx
(xm − xn) = mxm−1 − nxn−1

xm−n =
n

m

x = (
n

m
)

1
m−n

6. Challenge: Show that if 1
p + 1

q = 1, then 1
pa

p + 1
q b

q ≥ ab. (Hint: create a function that is always greater than or

equal to 0, and use calculus to minimize it).

4 Limits and Integration

4.1 Limits

1. limn→∞
en

n!

lim
n→∞

en

n!
= 0

Because e · e · ... · e < 1 · 2 · 3 · ... · (n− 1) · n for sufficiently large n.
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2. limx→∞
βα

Γ(α)x
α−1e−βx, α ∈ Z

lim
x→∞

βα

Γ(α)
xα−1e−βx

= lim
x→∞

βα

Γ(α)

(α− 1)xα−2

eβx
(by l’Hôpital)

...

= lim
x→∞

βα

Γ(α)

(α− 1)!

βαeβx
(by l’Hôpital)

= lim
x→∞

(α− 1)!

(α− 1)!
e−βx

= 0

3. limn→∞(1 + 1
n )

n

4.2 Integration

1.
∫∞
−∞ e−x2

dx

Consider

(

∫ ∞

−∞
e−x2

)2 =

∫ ∞

−∞
e−x2

∫ ∞

−∞
e−y2

dydx =

∫ ∞

−∞

∫ ∞

−∞
e−(x2+y2)dxdy

=

∫ 2π

0

∫ ∞

0

e−r2rdrdθ

= 2π

∫ ∞

0

e−r2rdrdθ

Let u = r2 so 1
2du = rdr, and so

= π

∫ ∞

0

e−udu

= π[−eu]

∣∣∣∣∞
0

= π(1)

which implies
∫∞
−∞ e−x2

dx =
√
π

2.
∫ e

1

∫ 1

0
xy−1dxdy

3.
∫ 1

−1

∫ 1

−1
eyx3dxdy

4.
∫
ln(x)dx

5. Prove zΓ(z) = Γ(z + 1), where

Γ(z) :=

∫ ∞

0

tz−1e−tdt

zΓ(z) =

∫ ∞

0

ztz−1e−tdt

= tze−t

∣∣∣∣∞
0

+

∫ ∞

0

t(z+1)−1e−tdt

= 0 + Γ(z + 1)

= Γ(z + 1)
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